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. , $f_{1}(x),$ $f_{2}(x),$ $\ldots,$ $f\ell(x)\in K[x]$
. $f_{1}(x),$ $f_{2}(x),$ $\ldots,$ $f\ell(x)$ $-\text{ }$ ,
, $Z_{\lambda}=\{x\in X|f_{\lambda}(x)=0\}$ . $\llcorner$. , $\lambda$ 1, 2, $\ldots,\ell$
, $X$ $\mathbb{C}$ . $\beta\in Z_{\lambda}$
${\rm Res}_{\beta}( \frac{h(x)}{f_{1}(x)^{m_{1}}f_{2}(x)^{m_{2}}\cdots f_{l}(x)^{m_{\ell}}}dx)$
.
, - , $\beta$ $g(x)$ $\beta\in Z_{\lambda}$
,
$garrow$. ${\rm Res}_{\beta}( \frac{g(x)}{f_{1}(x)^{m_{1}}f_{2}(x)^{m_{2}}\cdots f\ell(x)^{m\ell}}dx)$
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, 2 5 , $\frac{h(x)}{f(x)^{m}}$





. 4 , .










, $f(x)\in K[x]$ $\frac{h(x)}{f(x)^{m}}$
, $\beta\in Z$. $=\{x\in \mathbb{C}|f(x)=0\}$
25








. , $\varphi(x)$ $\deg(f)-1$ ,
, $K[x]i^{}$. . $h(x)$
$K[x]$ , , $\beta$
. $\psi(x)$ $\beta$
,
. ${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)={\rm Res}_{\beta}(\frac{\psi(x)}{(x-\beta)^{m}}dx)$
, $\psi(x)$ $\beta$
$\psi.(\cdot x)$ $= \psi(\beta)+\psi’(\beta)(x-\beta)+\frac{\mathrm{I}}{2!}\psi’’(\beta)(x-\beta)^{2}+.\cdots$
$+ \frac{1}{(m-1)!}\psi^{(m-1)}.(\beta)(x-\beta)^{m-1}+\cdots$
${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)=\frac{1}{(m-1)!}\psi^{(m-1)}.(\beta)$





. , $\Phi_{m,k}(\beta)$ ,
$\Phi_{m,k}(x)={}_{m-1}C_{k\varphi}(x)^{2m-1}\frac{d^{k}}{dx^{k}}(\frac{1}{\varphi(x)^{m}})$
$\Phi_{m,k}(x)$ $x$ $\beta$ .
$\Phi_{m,k}(x)$ , $\phi$ $k$ , $\phi,$ $\phi^{(1)},$ $\ldots,$ $\phi^{(k)}$
, $\phi=\varphi(x),$ $\phi^{(1)}=\varphi^{(1)}(x),$ $..,$ $\phi^{(k)}=\varphi^{(k)}(x)$
. $\Phi_{m,k}$ . $\Phi_{m,k}$
$K$ .





, $f^{(1)},$ $f^{(2)},$ $\ldots,$ $f^{(k+1)}$
$C_{m,k}=C_{m.k}(f^{(1)}, f^{(2)}, \ldots, f^{(k+1)})$
.
$C_{m.k}= \Phi_{m,k}(\phi,\cdot\frac{\phi^{(1)}}{\mathit{2}}, \frac{\phi^{(2)}}{3}\ldots, \frac{\phi^{(k)}}{k+1})$






2.1 $h(x)$ , $\beta\in Z$ . ,
.
${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)=\frac{1}{(m-1)!}\frac{1}{f^{J}(\beta)^{2m-1}}\{\sum_{k=0}^{m-1}C_{m,k}(\beta)\frac{d^{m-1-k}h}{dx^{m-1-k}}.(\beta)\}(2.5)$
, $C_{m,k}(\beta)$ (2.4) $C_{m,k}(x)$ $x$ $\beta$
.
27
, $f’(\beta),$ $f”(\beta),$ $\ldots,$ $f^{(k+1)}(\beta)$
$C_{m,k}(\beta)$ .





$m$ , $k$ ,
. , $C_{m,k}(x)$ $x$ $m(\deg f-1)-k$
.
1 $m=3$ ,
${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{3}}dx)$ $=$ $\frac{1}{\mathit{2}}.arrow f’(\beta)^{5}1\{(f’(\beta))^{2}\frac{d^{2}h}{dx^{2}\backslash }(\beta)$
$-3f”( \beta)f’(\beta)\frac{dh}{d_{X}}(\beta)+(3(f’’(\beta))^{2}-,f’(\beta)f’’(\beta)).h(\beta)\}$.
.
2 $m=5$ , .
${\rm Res} \rho(\frac{h(x)}{f(x)^{5}}dx)=\frac{1}{4!}\cdot\frac{1}{f’(\beta)^{9}}\{\sum_{k=0}^{4}C_{5,k}(\beta)\frac{d^{4-k}h}{dx^{4-k}}(\beta)\}$ .
,
$C_{5,0}(\beta)$ $=$ $f’(\beta)^{4}$ ,
$C_{5,1}(\beta)$ $=$ $-10f”(\beta)f’(\beta)^{3}$ ,
$C_{5,2}(\beta)$ $=$ $(-10f”’(\beta)f’(\beta)+45f’’(\beta)^{2})f’(\beta)^{2}$ ,








3 $m=8$ , .





























$b(x)$ , $b(x)^{2m-1}C_{m,k}(x)$ $f(x)$ $t_{m,k}(x)$
.
2.2 $\beta\in Z$ , $f\in K[x]$ .
$m$ . , $\deg f-1$
$m$ $(x),$ $t_{m,1}(x),$ $\ldots)t_{m,m-1}(x)$ ,
.
${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)=\frac{1}{(m-1)!}\{\sum_{k=0}^{m-1}(t_{m,k}‘(\beta)\frac{d^{m-1-k}h}{dx^{m-1-k}}.(\beta)\}.$ (2.6)
, h(x). $\beta$ .
$b(\beta)f’(\beta)=1$ , $b( \beta)^{2m-1}=(\frac{1}{f’(\beta)})^{2m-1}$ .
$\frac{1}{f’(\beta)^{2m-1}}C_{m,k}(\beta)=b(\beta)^{2m-1}C_{m,k}(\beta)$
’ , $t_{m,k}(\beta)$ . $\square$ .
$C_{m,0}$ ,, $f’(x)^{m-1}$ , $t_{m,0}(x)$ ,
$f’(x)^{m}t_{m,0}(x)=1$ mod $f$
. ,. $b(x)^{m}.\text{ }.f(x)$ – .
) $c_{m,k}$ .









${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)=\frac{1}{(m-1)!}r(\beta)$ .
, .
, ${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)$ ,
.
$\bullet$ $c_{m,k}$ .
$\bullet$ $f(x)$ , $C_{m,k}(x)$ .
$\bullet$ $b(x)$ , $b(x)^{2m-1}C_{m,k}(x)$ $f(x)$ $t_{m,k}$ .
$\bullet$ $r(x)$ .
, $C_{m,k}$ ,
$C_{m,k}$ , $C_{m,k}$ ,
.
$C_{m,k}$ (2.3) , ,
















. , $b(x)$ , $a(x)f(x)+b(x)f’(x)=1$ .
,
${\rm Res}_{\beta}( \frac{h(x)}{f(x)^{m}}dx)$
$= \mathrm{R}\epsilon \mathrm{s}\rho(h(x)\frac{1}{(m-1)!}\{\sum_{k=0}^{m-1}((-\frac{d}{dx}. )^{m-1-k}(C_{m,k}(x)b(x)^{2m-1}\frac{f’(x)}{f(x)})\}dx)$
. , $h$ $\beta\in Z$
,




































, $\frac{1}{f(x)^{m}}$ ’ (3.2), (3.3) $Z$
, $H_{[Z]}^{1}(K[x])$
– , . ,
.













. $H_{[Z]}^{1}(K[x])$ , $D_{X}$
.
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, $S$ , (3.5)
$[ \frac{1}{f(x)^{m}}]=S[\frac{f’(x)}{f(x)}]$
35
. $S$ $s*$ ,






. 7, {1, ” $\frac{1}{f(x)^{m}}$ ”‘\theta $[ \frac{1}{f(x)^{m}}]$
$[ \frac{1}{f(x)^{m}}]=T[\frac{f’(x)}{f(x)}]$
.
, $[ \frac{f’(x)}{f(x)}]$ $f(x)$ ,




, $S$ , (3.5) .
$t_{m,k}(x)$ , $T$ $S$ $D_{X}f$
$T=S$ mod $D_{X}f$
. , $Dxf$ , $f$
$D_{X}$ .
$Dxf$ ,
. , , $D_{X}f$
.
36
43 , $[ \frac{1}{f(x)^{m}}]]$ $=T[ \frac{f’(x)}{f(x)}]$
$T$ . ,





, , 2 3
, .
, $\tau=[\frac{1}{f(x)^{m}}]$ &k‘ $\text{ }$ , $\tau$ 1








, $D_{X}$ $M=D_{X}/D_{X}P+Dxf^{m}$ , $M$ $Z$
$D_{X}$ , $Z$ $\beta$
. ,
Ann$D_{X}(\tau)=D_{X}P+D_{X}f^{m}$
. , $M$ ,
(4.1) , $\tau$
. , $\frac{1}{f(x)^{m}}$ $\beta\in z_{\Gamma}.\text{ ^{ } }$








$Hm_{D\chi}(M, H_{[Z]}^{1}(K[x]))$ , .
, $\sigma$ $M$ . $f^{m}\sigma=0$ , $\sigma$
$Z$ $Z$ , $m$
. $\sigma$ H $(K[x])$ , $\sigma$
$g(x)\in K[x]$ $\sigma.=[\frac{g(x)}{f(x)^{m}}]$ . ,
$P\sigma=0$ . $\sigma$ ,
$Z$ $\beta$ $\frac{g(x)}{f(x)^{m}}$ ,
$\frac{1}{f(x)^{m}}$ – . $Hom_{D_{X}}$ ( $M$, H $(K[x])$ )
$\deg f$ , $Z$
.
.
4.1 $\sigma\in H_{[Z]}^{1}(K[x])$ (i), (ii) .
(i) $P\sigma=f^{m}\sigma=0$ .
(ii) $f(x)^{m-1}.f’(x) \sigma=[\frac{f’(x)}{f(x)}]$ .
. $\sigma$ $\tau$ – .
) $\tau$ .
$[_{f(x)}^{\angle^{J}\angle\Delta}x]$ $\delta_{Z}$ annihilator ) Ann$D_{X}(\delta_{z})$
.






, $\tau=T\delta_{Z}$ . $\tau$ ,
$P\tau=f^{m}\tau=0$ ,
$PT\delta_{Z}=f^{m}T\delta_{Z}=0$




4.1 $T\in D_{X}$ , .
$\frac{1}{(m-1\rangle!}\{(-\frac{d}{dx})^{m-1}t_{0}(x)+(-\frac{d}{dx})^{m-2}t_{1}(x)+\cdots+(-\frac{d}{dx})t_{m-2}(x)+t_{m-1}(x)\}$ .
$T$
(i) $PT\in D_{X}f$ ,
(ii) $f’(x)^{m}t_{0}(x)=1$ mod $f$,
. , .
$[ \frac{1}{f(x)^{m}}]=T[.\frac{f’(x)}{f(x)}]$ .
(i), (ii) $T$ , $\sigma=T\delta_{Z}$ .
$\sigma$ 4.1 (i), (ii) .
, $P\sigma=P(T\delta_{Z})$ , $PT\in D_{X}f$ $(PT)\delta_{Z}=0$
, $P\sigma.=0$ . $f^{m}\sigma=(f^{m}T)\delta_{Z}$ .
$T$ , $m-1$ , $f^{m}T\in D_{X}f$
. ) $f^{m}\sigma=0$ .




. , 42 ,
$f(x)^{m-1}f’(x)T-1\in D_{X}f$
.
, $T$ $m-1$ ,
$f(x)^{m-1}f’(x)T=$ $\frac{1}{(m-1)!}f(x)^{m-1}f’(x)(-\frac{d}{dx},)^{m-1}t_{0}(x)$
$=f’(x)^{m}t_{0}(x)$ mod $D_{X}f$
. , $f(x)^{m-1}f’(x)T=1$ mod $D_{X}f$ , $f’(x)^{m}\#\mathrm{o}(x)=1$ mod $f$
.
, $m$ 5 , $R$
$R=(- \frac{d}{dx})^{4}r_{0}(x)+(-\frac{d}{dx})^{3}r_{1}(x)+\cdots+(-\frac{d}{dx})r_{3}(x)+r_{4}(x)$
, $PR$ mod $D_{X}f$ . $PR$ 5
$P=-f(.x)(- \frac{d}{dx})+4f’(x)$






















, $PR\in D_{X}f$ $K[x]/(f)$
, .
4.3 $R$ $m-1$ .
$R=(- \frac{d}{dx})^{m-1}r_{0}(x)+(-\frac{d}{dx})^{m-2}r_{1}(x)+\cdots+(-\frac{d}{dx})r_{m-2}(x)+r_{m-1}(x)$ .
, .
(i) $PR\in D_{X}f$ ,










$w_{i}(x)$ , $w_{m}(x)=w_{m-1}(x)=0$ mod $f$
. $w_{m-i-1}(x)$ mod $f$ .
$i$ , $if’(x)r_{i}(x)$ , $r_{0}(x),$ $r_{1}(x),$ $\ldots,$ $r_{i-1}(x)$ –
. , $r_{i}(x)$ $f’(x)$ $K[x]/(f)$
, $r_{i}(x)$ , $r_{0}(x),$ $\ldots,$ $r_{i-1}(x)$ . ,
$r_{0}(x)\in K[x]/(f)$ , $r_{1}(x),$ $\ldots,$ $r_{m-1}(x)\in K[x]/(f)$ –
. $r_{0}(x)\in K[x]/(f)$ , $PR\in D_{X}f$
$m-1$ $R$ $\deg f$ $K$
.
, $r_{0}(x)\in\dot{K}[x]/(f)$ , $f’(x)^{m}t_{0}(x)=1$. mod $f$
$t_{0}(x)$ , 43 $t_{1}(x),$ $t_{2}(x),$ $\ldots,$ $t_{m-1}(x)$
, 1
$\frac{1}{(m-1)!}\{(-\frac{d}{dx})^{m-1}t_{0}(x)+(-\frac{d}{dx})^{m-2}t_{1}(x)+\cdots+(-\frac{d}{dx})t_{m-2}(x)+t_{m-1}(\prime x)\}$ .
, 4.1 , $\tau=T_{-}\delta_{Z}$ .
4 $f(x)’=x^{3}-x-1,$ $m=4$ .
$\frac{1}{23}(18x-27)f(x)+\frac{1}{23}(-6x^{2}+9x+4)f’(x)=1$

















$\bullet$ $t_{0}(x)=b(x)^{m}$ mod $f$ .
$\bullet$ $i=1,\mathit{2},$
$\ldots,$ $m-1$ .
$t_{i}=,$ $-( \sum_{j=1}^{i}\frac{(m-1-i+j)!}{(m-1-i)!}\frac{i+mj\backslash -j}{(j+1)!}f^{(.?+1)}t_{i-j}.)b\oint i$ mod $f$
$\bullet$ $r(x)= \sum_{k=\mathit{0}}^{m-1}t_{m-1-k}(x)\frac{d^{k}h}{dx^{k}}(x)$ mod $f$ .
output: $r(x)$
, $\frac{h(x)}{f(x)^{m}}$ $\beta\in Z$ $\frac{1}{(m-1)!}r(\beta)$
, $K[x]/(f)$ ,
, . , $b(x)$
.












, $D$ , $[ \frac{1}{f(x)^{m}}]=T[\frac{f’(x)}{f(x)}]1$
$T$ . )
. , $[12, 13]$ , Noether
.
$\tau=[\frac{1}{f(x)^{m}}$.
$]$ , $\delta_{Z}=[\frac{f’(x)}{f(x)}]$ annihilator A.n$\mathrm{n}_{D_{X}}(\tau)$ , Ann$D_{X}(\delta_{z})$
$D_{X}$- $M;N$ , $M=D_{X}/\mathrm{A}\mathrm{n}\mathrm{n}_{D_{X}}(\tau),$ $N=D_{X}/\mathrm{A}\mathrm{n}\mathrm{n}_{D_{X}}(\delta_{Z})$ ,
$M=D_{X}/D_{X}P+D_{X}f^{m},$ $N=D_{X}/D_{X}f$
, $M$ $N$ $D_{X}$ $H\sigma m_{D_{X}}(M, N)$
. $M,$ $N$ , $Hom_{D_{X}}(M, N)$
$K$ . $M,$ $N$ , $Z$
$\dim_{K}Hom_{D_{X}}(M, N)=\deg f$ .
.
5.1 $Hom_{D_{X}}(M, N)$ $K[x]/(f)$ ..
, $\dim_{K}K[x]/(f)=\deg f$ , .
5.2 $\rho$ $Hom_{D_{X}}(M, N)$ . ’
, $Hom_{D_{X}}(M, N)$ $K[x]/(f)$ , $\rho$ . ,
$H\sigma m_{D_{X}}(M, N)=\{\rho c(x)|c(x)\in K[x]/(f)\}$
.
$Hom_{D_{X}}(M, N)$ $M$ Noether
([12],).
Noether $\rho$ , 1 mod $\mathrm{A}\mathrm{n}\mathrm{n}_{\mathrm{D}_{\mathrm{X}}}(\tau)\in \mathrm{M}$ $\rho$
$\rho$(1 mod $\mathrm{A}\mathrm{n}\mathrm{n}_{\mathrm{D}_{\mathrm{X}}}(\tau)$) $\in \mathrm{N}$
44
– . , $R\in D_{X}$




$PR\in D_{X}f,$ $f^{m}R\in D_{X}f$
. , $R$ Noether
. $\rho$ $R$ $D_{X}f$
. .
, $[ \frac{\prime 1}{f(x)^{m}}]=T[\frac{f’(x)}{f(x)}]$ $T$ , Noether
.
,
$Hom_{D_{X}}(M, N)\cross Hom_{D_{X}}(N, H_{[Z]}^{1}(K[x]))arrow H\sigma m_{D_{X}}(M, H_{[Z]}^{1}(K[x]))$
. $M$ Noether $\rho\in Hm_{D_{X}}(M, N)$
, $Hom_{D_{X}}(M, H_{[Z]}^{1}(K[x]))$ .
5.1 $R\in D_{X}$ $M$ NNoether
. , .
$Hom_{D_{X}}(M, H_{[Z]}^{1}(K[x]))=\{R(c(x)\delta_{Z})|c(x)\in K[x]/(f)\}$ .
$Hom_{D_{X}}.(N, H_{[Z]}^{1}(K[x]))=$ { $c(x)\delta_{Z})|$ C(x)\in K[x]/(f)}. .
, $M$ , $M$ (
) $M$ Noether
. , Noether $PR\in D_{X}f,$ $f^{m}$. $R\in$. $D_{X}$.
$PR=0,$ $f^{m}R=0$ mod $D_{X}f$
, Noether $M$
.





. 4.1 , $M$
, , $[ \frac{g(x)}{f(x)^{m}}$
.
$]$
. , $[ \frac{g(x)}{f(x)^{m}}]$
. ,
$R(c(x)\delta_{Z})$ ,
([6, ‘7, 9]). , $M$
$Hom_{D_{X}}(M, H_{[Z]}^{1}(K[x]))$ , ,
, - Noether $R$ , $R(c(x)\delta_{Z})$
([10, 1!, 12, 13]).
5.1
$E= \frac{1}{(m-1)!}\{(-\frac{d}{dx})^{m-1}+(-\frac{d}{dx})^{m-2}e_{1}(x)+\cdots+(-\frac{d}{dx})e_{\dot{m}-2}(x)+e_{m-1}(x)\}$
$P\dot{E}=0$ mod $D_{X}f$ , $t_{0}(x)\in K[x]$
$f’(x)^{m}t_{0}(x)=1$ mod $f$ . , $\tau=E(t_{0}(x)\delta_{Z})$
.
$E(t_{0}(x)\delta_{Z})$ 4.1 , ,
Et ’4.1 .
, $E$ $E^{*}$ ,











$\ldots.,$ $m-1$ $e_{i}(x)$ .
$e_{i}=-( \sum_{j=1}^{l}\frac{(m-1-i+j)!}{(m-1-i)!}\frac{i+mj-j}{(j+1)!}f^{(j+1)}e_{i-j})b/i$
$\mathrm{m}\mathrm{o}\mathrm{d} f$
$\bullet$ $t_{0}(x)=b(x)^{m}$ mod $f$ .
$\bullet$ $r(.x)=t_{0}(x) \sum_{k=0}^{m-1}e_{m-1-k}(x)\frac{d^{k}h}{dx^{k}}(x)$ mod $f$ .
output: $r(x)-$
, $\frac{h(x)}{f(x)^{m}}$ $\beta\in Z$ $\frac{1}{(m-1)!}r(\beta)$
.
$e_{i}(x)\in K[x]/(f)$ ,
. , 1999 [7]
.
, 2 (2.5) .












. $c_{0}$ , 1 . , $c_{1},$ $c_{2},$ $c_{3},$ $c_{4}$
. , $c(x)\in K[x]$
$(f’(x))^{9}c(x)=1$ mod $f$ . ,
$\tau=B(c(x)\delta_{Z})$
.
$m$ – , [17] .
input: $\frac{h(x)}{f(x)^{m}}$
$\bullet$ $c_{0}(x)..=1$ .. $i=1,2,$ $\ldots,$ $m-1$ .
$ci=-( \sum_{j=1}^{l}\frac{(m-1-i+j)!}{(m-1-i)!}\frac{i+mj-j}{(j+1)!}\prime f^{(j+1)}(f’)^{j-1}c_{i-j})/i$ mod $f$
$\bullet$ $a(x)f(x)+b(x)f’(x)=1$ $b(x)$
$\bullet$ $c(x)’=b(x)^{2m-1}$ mod $f$ .
$\bullet$ $r(x)=c(x) \sum_{k=0}^{m-1}c_{m-1-k}(x)(f’)^{k}\frac{d^{k}h}{dx^{k}}(x)$ mod $f$ .
output: $r(x)$
, $\frac{h(x)}{f(x)^{m}}$ $\beta\in Z$ $\frac{1}{(m-1)!}.r(\beta)$
.
, $K[x].\cdot \text{ }$
. , ,





$f$ – , symbolic ,




$[10, 15]$ , Noether
. $[14, 16]$ , Noether
.
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